In the last decades, the class of Ti-rich TiAl-based intermetallic materials has replaced many contemporary alloys till 900°C. Due to higher oxidation resistance, 20% lower density and higher (about 150°C more) operating temperature possibility of Al-rich TiAl alloys over Ti-rich side, phases from the Al-rich region of this alloy system are considered to be highly potential candidates for high temperature structural applications. Although there are a lot of works about Ti-rich alloys, however, investigation from the Al-rich side is very limited. This work reviews the class of Al-rich TiAl alloys in terms of phases, microstructures, morphology, deformation mechanisms, mechanical behaviors along with a possible micromechanical modeling approach. Single crystal like Ti-61.8at.%Al alloy from the Al-rich family has been chosen as an example for modeling high temperature anisotropy and tension-compression asymmetry. A possible comparison with Ti-rich side is also presented.
Introduction and background

The family of Ti-Al alloys
The generation of TiAl based intermetallic alloys represent an important class of high temperature structural materials providing a unique set of physical and mechanical properties that can lead to substantial rewards in aircraft engines, industrial gas turbines, and automotive industries (Appel et al. 2016; Austin 1999; Lapin 2009 ). In the last decades, it has replaced many contemporary metals and alloys till 800°C. A recent version of polysynthetically twinned (PST) single crystals like lamellar intermetallic Ti-45Al-8Nb has been proposed to be used till 900°C . The growing application has also been extended to petroleum, medical, and defense industries (Khan et al. 2012; Tuninetti et al. 2015) . Since 1970s, this alloy system has been widely recognized as a possible basis for novel lightweight materials for high temperature applications (Zambaldi 2010) . Experts are convinced that the alloy system has immense potential *Correspondence: helal.chowhury@ovgu.de 1 Graduate School for 'Micro-Macro Interactions in Structured Media and Particle Systems', Otto-von-Guericke University, 39106 Magdeburg, Germany Full list of author information is available at the end of the article that could revolutionize the world of aviation. According to some experts, Titanium Aluminides are the only promising alternatives in areas where heavy nickel alloys still prevail (Hautmann 2013; Xu et al. 2016) . These alloys exhibit impressive material properties such as very good strength, high specific yield strength and stiffness, good oxidation and ignition resistance combined with good creep properties at high temperatures, fracture toughness, corrosive resistance, low density, high thermal capability, and biocompatibility, etc. (Appel et al. 2016; Khan et al. 2012; Tuninetti et al. 2015) . Sufficient strength at high temperature and ductility at ambient temperature are crucial issues for these lightweight alloys. It is to be noted that the highly successful and potential alloys from this family are processed in lamellar structure as it is a key morphology. The class of Ti-rich lamellar alloys (γ -TiAl+α 2 -Ti 3 Al) are already in many industrial applications fulfilling strength and ductility requirements at high temperature. For temperatures up to 1050°C, phases from the Al-rich region of this alloy system are considered to be highly potential candidates for structural applications. Based on its higher aluminum content, Alrich TiAl 2 phase is expected to have a lower density and better oxidation resistance than TiAl and α 2 -Ti 3 Al, potentially making it a very attractive elevated temperature alloy constituent (Benci et al. 1995) . The Al-rich Ti-Al alloys with Al-contents exceeding 54at.%Al are of special interest because they are expected to form protective Al 2 O 3 scales instead of titanium oxides (Palm et al. 2002) . In short, due to better oxidation resistance, 20% lower density and higher (about 150°C more) operating temperature possibility of Al-rich Ti-Al alloys over Ti-rich side, they have recently become a focus of interest (Austin 1999; Palm et al. 2012; Sturm et al. 2009 ).
Generally Al-rich phases in the TiAl alloy family make the alloy brittle. Kad and Fraser (1994) reported that the Ti-rich γ -TiAl alloys are significantly ductile at high temperature because of no Al-rich brittle phases. In Ti-62.5at.%Al, plate like r-TiAl 2 type precipitates in the γ matrix interrupt the motions of dislocations and retard the improvement in ductility below 1200°C . Fujiwara et al. (1990) mentioned that the cause of brittleness might be the partial dislocation 1/6<112], which is a constituent of the <011] type superlattice dislocation. Chakravadhanula et al. (2011) mentioned that the refractory elements like Nb can improve tensile ductility as well as creep resistance of the Ti-Al alloys. Besides the beneficial effect of lamellar microstructures in improving mechanical properties, the fracture toughness, elevated temperature strength and oxidation resistance are further enhanced by the addition of Nb (Chakravadhanula et al. 2011) . Considering Ti-62.5at.%Al alloys containing Al 5 Ti 3 precipitates in the L1 0 matrix, Appel et al. (2011) reported that the strong hardening is mainly caused by the antiphase boundaries that provide additional resistance to subsequent glide processes. This indicates that some dislocations in TiAl are permanently locked during the high temperature deformation (Appel et al. 2011) .
High temperature plastic anisotropy and and tensioncompression asymmetry of TiAl alloys
Anisotropy of inelastic behaviors, or in a more broad sense, the dependence of inelastic behaviors on the type of loading and direction is common for many high-temperature materials . Important features of plastic anisotropy and asymmetry can be related to different length scales, like grain/subgrain scale, phase/lamellar scale, crystal lattice scale, dislocations and atomic scales, etc. Privileged crystallographic orientation or texture development can be associated with grain scale. Similarly many other origins of the anisotropy like defects inclusions-cavities in metals and multiphase alloys, directional distribution of a particular phase, anisotropy of individual grains, etc., can be related to different scale dependent phenomena. In order to understand different macroscopic behaviors including the plastic anisotropy and asymmetry in Ti-Al alloys, it is necessary to understand their origins at the lower length scales. Regular misfit dislocations along the lamellar interfaces, formation of faulted dipoles of superdislocations, changes in deformation modes due to the appearance of some superstructures, domination of climb at high temperature, etc., for the Al-rich TiAl family are few of them at the smaller scales. Various macroscopic behaviors of this family, like anomalous yielding and hardening, recovery, increasing brittleness with the increase of Al-content, etc. are also deserved to be investigated in order to understand different inelastic phenomena. This knowledge is in turn instrumental to the understanding of the mechanisms responsible for the anomalous behavior, plastic anisotropy and tension compression asymmetry, etc. (Gregori and Veyssiere 2000) . In general, it is believed that the plastic behaviors in Al-rich TiAl alloys depend on the formation of superstructural phases and the activated slip systems varied .
Tension-compression asymmetry (TCA) or strength differential has a wide range of effects in mechanical properties. Different asymmetric behaviors and their detrimental effects in various practical applications can be found in the literature, e.g. Chowdhury et al. (2017c) . Tensile cases are found to be stronger than that of compression in high strength Ti-3Al-2.5V alloys (Li et al. 2016) . However, the opposite trend is observed in Ti6Al-4V (Tuninetti et al. 2015) . Various microstructure and mechanism dependent observations can be found while investigating the origin of asymmetry. Due to non Schmid effects (Salehinia and Bahr 2014) and twinning, the material with HCP (hexagonal closed pack) structure would exhibit higher asymmetry than that of BCC/FCC materials. This asymmetry originates from the differences in dominant deformation modes associated with tension and compression (Leng et al. 2016; Liu et al. 2016) . For example, shear in one direction can produce twinning while shear in the opposite direction cannot, which results TCA (Vinogradov et al. 2015) , for which CRSS differs based on the loading directions. Directionality of twinning, as the main factor of asymmetry, is also discussed in Kabirian and Khan (2015) ; Stewart and Cazacu (2011); Yoon et al. (2014) .
Objective of this study
Even though the anisotropy and asymmetry in Ti-rich side have been investigated for some single-crystal and polycrystalline alloys, the lamellar orientation dependence of the plastic anisotropy and tension/compression asymmetry in Al-rich side is not very well documented, either theoretically or experimentally. In general, literature on the Al-rich part is very limited especially on the modeling of deformation behaviors. One important study from the Al-rich side is Zupan and Hemker (2003) with 55.5% Al, where asymmetry is investigated for different loading direction, temperature, orientations which displayed anomalous yielding and a pronounced tension/compression asymmetry. Rate dependent asymmetric phenomena of such alloys is especially important at high homologous temperature because of the appearance of one or more long period superstructures along with anomalous behaviors and subsequent activation of various deformation modes. To understand the combined effect of the lamellar morphology and long period superstructure is also of great interest. Based on the available literature, this study summarizes the important deformation features of the Al-rich family along with a comparative view with Ti-rich alloys, where applicable. Additionally this work also summarizes the recent works on the crystal plasticity modeling of Al-rich alloys with long period superstructures (LPS). Directionally solidified such lamellar material is expected to be highly anisotropic due to the presence of LPS and the preferred orientations of the lamellar colonies as like PST TiAl (Lebensohn et al. 1998) . The main content of this work can be divided into two parts. In the first part, the current understanding of the Al-rich side has been summarized which includes the phases, ordering and their stability, microstructural and morphological state, deformation mechanisms, and mechanical behaviors, etc. Then the second part presents crystal plasticity based modeling approach combining the plastic anisotropy and asymmetry at high homologous temperature considering an important single crystal like alloy. Necessary experimental data, mathematical framework, model calibration, and model prediction, etc are also highlighted.
Review
Phases in the Al-rich Ti-Al alloy system: ordering and their stability Phases in the Al-rich side Three different stable phases are possible in multiphase Ti-Al alloy system, these are γ -TiAl, α 2 -Ti 3 Al and r-TiAl 2 . With melting point of 1463°C, γ -TiAl (L1 0 -type) has a wide solubility range from the near stoichiometry to the Al-rich side (Braun and Ellner 2001; Nakano et al. 1999 ). In the near stoichiometric Ti-rich side, alloys mostly consist of two phases, γ -TiAl and α 2 -Ti 3 Al. The γ -phase consists of face centered tetragonal (with c/a=1.02) lattice and α 2 -phase has hexagonal closed pack (HCP) crystal structures. Beyond the stoichiometric composition especially from 54at.%Al content, depending on the Al content and annealing condition, one or more Al-rich phases mostly with γ -matrix phase are emerged (Hayashi et al. 2002) . Along with stable γ -TiAl matrix phase, other precipitate phases are mostly metastable with long range order of L1 0 -type structure. Among them, Al 5 Tl 3 and h-Al 2 Ti are widely observed as metastable phases. Two superstructure phases, Al 5 Tl 3 and h-Al 2 Ti, are frequently observed in as-cast and low-temperature-annealed Al-rich TiAl alloys . The Al 5 Tl 3 phase rapidly dissolves above 900°C and h-Al 2 Ti remains as metastable phase at least up to 1200°C. Annealing of Ti-58.0at.%Al below 800°C results an island like Al 5 Tl 3 phase developed in the L1 0 matrix, which in turn completely dissolves by annealing at higher temperature (Hata et al. 2002a; Nakano et al. 1999) , and ultimately transforms fully into h-Al 2 Ti with the increasing of Al concentration, at least till Ti-62.5at.%Al (Nakano et al. 2004) . In general, precipitates of Al 2 Ti, alone or with other phases, are found in the composition range of 56-75 at.%Al. This r-Al 2 Ti superstructure phase is generally stable below 1150°C. When the Al composition is higher than 60at.%, this phase is appeared with significant volume fractions maintaining semi-coherence to the L1 0 matrix, sometimes with Al 5 Ti 3 superstructure. The density of the r-TiAl 2 phase is 3.53-3.54 g/cm 3 , lower than γ -TiAl and α 2 -Ti 3 Al (Benci et al. 1995) . The Al 5 Ti 3 phase can be eliminated by selecting suitable heat treatment parameters. In Ti-62.5at.%Al alloys, annealed at temperatures below 1200°C, the rTiAl 2 phase is finally formed as an equilibrium phase, but the ordering of Al 5 Ti 3 and subsequently h-TiAl 2 often proceeds prior to precipitation of r-TiAl 2 (Hayashi et al. 2002) . A recent study on the phases and their evolution for 59.4 to 60.4at.%Al contents depending on the processing and annealing condition can be found in Palm et al. (2012) .
All of the three superstructure phases consist of face centered ordered superstructures of γ -TiAl. The h-TiAl 2 phase is similar to threefold face centered structure while r-phase is six fold and Al 5 Tl 3 superstructure is equivalent to sixteen face centered lattice units. These long-period superstructures have different lattice periodicity, e.g. four-fold periodicity along the a-and b-axes in the Al 5 Tl 3 superstructure; three-fold periodicity along the b-axis in the h-TiAl 2 ; and sixfold periodicity along the c-axis in the r-TiAl 2 , as shown in Fig. 1 . In the h-TiAl 2 and r-TiAl 2 superstructures, the periodicities of Al layers are different.
There is consistent indication that the superstructure phases formed in the Al-rich γ -TiAl often exhibit fine microstructures with short-range order (SRO), antiphase domain boundaries, and so on in certain ranges of Al concentrations and temperatures (Gregori and Veyssiere 1999; Hata et al. 2002b; Nakano et al. 2002b; Stein et al. 2001) . This is one of the most characteristic features of the long-period ordering phenomena in Al-rich TiAl (Hata et al. 2004a ). For both 62.5 and 60at.%Al alloys, Al 5 Ti 3 SRO structures are found in Ti-rich (002) layers of the L1 0 ordered γ -TiAl matrix along with long-range order (LRO) phase up to about 800°C. At higher temperature, SRO Nakano et al. (1999) state becomes unstable in the course of the phase transformation from the Al 5 Ti 3 to the h-TiAl 2 phase (Hata et al. 2002a) . In spite of a number of studies, structural details and formation processes of the fine microstructures are still controversial in many cases, owing to insufficient experimental information at the atomic scale (Hata et al. 2004a ).
Ordering and stability
So far we know, the r-Al 2 Ti is stable at about 58 to 62.5at.%Al in the temperature range between 700°C and 1200°C (Palm et al. 2002 (Palm et al. , 2012 Stein et al 2001; Zhang et al. 2001) . The volume fraction of the constituent r-TiAl 2 phase depends on the alloy composition and annealing temperature, and decreases with increasing Ti content and increasing temperature. The compositions ranging from Ti-54.7at.%Al to .%Al annealed at 1200°C, the Al 5 Ti 3 long-period superstructure is embedded in the host L1 0 matrix, then transformed gradually into h-TiAl 2 with the increasing Al concentration, and finally, there is a complete transformation into h-TiAl 2 for Ti-62.5at.%Al alloy (Nakano et al. 2004) . Since the periodicity of Al layers in the r-TiAl 2 phase is different from that in the L1 0 structure (the Al 5 Ti 3 and hTiAl 2 phases have stacking periodicity analogous to that in the L1 0 ), a complex diffusion process is necessary for the nucleation and growth in the phase transformation to r-TiAl 2 phase . Therefore, the Al 5 Ti 3 and h-TiAl 2 phases appear prior to the formation of the final equilibrium r-TiAl 2 phase. At first the Al 5 Ti 3 phase formed rapidly and then the metastable h-TiAl 2 phase appeared prior to that of the r-TiAl 2 phase , which has been confirmed in Ti-60at.%Al and Ti-62.5at.%Al during annealing below 800°C.
Further ordering of long-period superstructures may occur in the Al-rich region depending on the Al composition and heat treatment (Nakano et al. 2004 ). Annealing of Ti-58at.%Al at 1000°C for 1 h, only the r-Al 2 Ti phase is remained in the L1 0 matrix. In Ti-62.5at.%Al alloy, Al 5 Ti 3 were obtained with the matrix phase by the floating zone method and subsequent heat treatment at 750°C for 48 h ). Moreover, annealing at 930°C results a nice lamellar morphology of the γ and r phases , as shown in Fig. 2 . Single-phase single crystal of only Al 5 Ti 3 can also be generated over a wide temperature and time range of annealing although the antiphase boundaries (APBs) based on the Al 5 Ti 3 -type ordering exist (Hayashi et al. 2002; Nakano et al. 2002a) . First annealing of Ti-62.5at.%Al at 1200°C and then at Fig. 2 Electron micrographs of Ti-62.5at.%Al alloy annealed at 930°C, taken from Nakano et al. (1999) 750°C for 48 h results Al 5 Ti 3 single-phase single crystals (Nakano et al. 2004 ). More interestingly, one or more phases can be completely eliminated by the choice of a set of suitable heat treatment parameters. From Ti-60at.%Al and Ti-62.5at.%Al crystals containing Al 5 Ti 3 and r-TiAl 2 phases embedded in the γ -TiAl matrix, the plate like rTiAl 2 phase can be eliminated by annealing for 1 h at 1100 and 1200°C, respectively (Hata et al. 2002a ). The r-TiAl 2 is only found to be stable in Ti-62.5at.%Al if the alloy is annealed at temperatures below 1200°C (Hayashi et al. 2002) . The Al 5 Ti 3 superstructural spots start disappearing and the h-TiAl 2 spots become dominant after 800°C (Hayashi et al. 2002) . So the Ti-62.5at%Al alloy exhibits a clear annealing temperature dependence of the long-period superstructure phases: an Al 5 Ti 3 ordered state below 900°C, Al 5 Ti 3 with an SRO state and hTiAl 2 or r-TiAl 2 till 1200°C and an h-TiAl 2 ordered state above 1200°C (Hata et al. 2002c (Hata et al. , 2003 (Hata et al. , 2004a Hayashi et al. 2002) . More detail about ordered cluster of different SRO states with different shapes, and the SRO-LRO transition in Ti-62.5at.%Al can be found in Hata et al. (2002b Hata et al. ( , 2003 .
As reported previously, the plate-like r-TiAl 2 phase in as-grown Ti-62.5at.%Al single crystals were easily annihilated by annealing at 1200°C for 1 h, while small h-TiAl 2 particles were homogeneously distributed in the L1 0 matrix. Subsequent annealing at temperatures between 500 and 900°C for 1 h did not produce rTiAl 2 yet, although both r-TiAl 2 and L1 0 are known to be stable phases in this annealing temperature range (Hayashi et al. 2002) . So the r-TiAl 2 and h-TiAl 2 phases are believed to be final stable structures in the temperature range below and above 1200°C, respectively, but some preceding phases appear prior to the ordering of the final superstructure (Hayashi et al. 2002) . Metastable nature of the h-TiAl 2 phase is observed at various annealing temperatures below 1200°C (Hayashi et al. 2002) . The precipitation of h-TiAl 2 was accelerated by increasing annealing temperature. Annealing time is also a very important factor in the stability of superstructures. For instance, annealing at 900°C for 1 h, the h-TiAl 2 phase is formed with lamellar morphology along with the matrix phase whereas further annealing may introduce r-TiAl 2 into this crystals (Hayashi et al. 2002) . Single crystals of .%Al produced by different annealing temperatures and times along with a comparative study can be found in Nakano et al. (2004) . An overview of different alloy phases with appeared LPS in Al-rich region has been documented according to Al concentration and heat treatment in (Braun and Ellner 2001; Palm et al 2002; Stein et al 2001) . Further works on the appeared phases are Zhang et al. (2001) and Palm et al. (2012) with special emphasize on Ti-62at.%Al and Ti-60at.%Al. In spite of a number of studies in the Al-rich side, there are many uncertain points remaining which are still not fully understood. The most controversial area of Ti-Al binary phase diagram ranges between 55 and 77 at.%Al, and 900 to 1450°C (Batalu et al. 2006 ). The TiAl-TiAl 2 region with Al contents from 56 to 65 at.%Al is still not resolved satisfactorily (Palm et al. 2002) . Some other unresolved issues are the precise morphological stability of the microstructure, the dynamics of the microstructural changes, the stability and the ordering mechanisms, and accurate precipitation processes etc. (Hata et al, 2008 , Koyama et al, 2000 , Nakano et al, 2012 . This may be due to the fact that the long-period ordering is quite sensitive to the Al concentration and annealing conditions (Hata et al. 2004b ).
Lamellar alloys: Ti-rich vs. Al-rich with LPS
It is worth to mention that the lamellar structure is a key morphology for many complex engineering materials (Li and Weng 1998) . Such a lamellar structure is expected to have a significant influence on the deformation behaviors (Fujiwara et al. 1990 ). This kind of microstructures generally exhibit improved ductility, fracture toughness and creep resistance in comparison to their monolithic constituents (Grujicic and Batchu 2001; . Current activities to improve the properties of γ -TiAl based alloys mainly focus on improving strength and creep resistance at high temperatures and a better oxidation behavior (Palm et al. 2002) , for which Alrich alloys deserve special attention. For a lamellar alloy, there are mainly four components of shear stress, from which one or more are responsible for yield and plastic anisotropy depending on the microstructural and morphological combination. These four components are: 1) lattice resistance of the material or Peierls stress which depends on the lattice type and lattice plane, 2) stress to operate dislocation sources or the Frank Read stress, 3) stress required to transmit dislocations through interfaces or the Hall-Petch stress, and 4) internal stress generated by lattice mismatches in the lamellar interfaces. Even though deformation modes along the lamellar plane is easy or soft mode, and across the lamellae is hard, these stresses have very different effects on soft and hard modes of deformation and account for some of the plastic anisotropy. For the complex hardening mechanism of individual slip system, the effect of the Hall-Petch stress is believed to be the dominant one (Kad et al. 1992) .
From the rough range of 58-65 at.%Al content, there is a possibility of generating lamellar structure with γ and r phases along with other minor phases. Further interest is on alloys with about 62at.%Al due to the possibility of generating lamellar and stable phases of γ -TiAl + rTiAl 2 microstructures (like in Fig. 2 ), which may enhance prospects of possible alloy developments as Ti-rich side. The γ -TiAl based Ti-rich alloys derive their advantageous creep properties from the lamellar γ -TiAl + α 2 -Ti 3 Al microstructures. There is a number of studies on the choice of the heat treatment parameters for which lamellar alloys with stable phases can be generated. A summary of some of the available studies on phases and morphology appeared in alloys with 58, 60, 62, 64at.%Al content for different heat treatment parameters can be found in Palm et al. (2002) ; Stein et al. (2001) . Braun and Ellner (2001) investigated alloys with 60-64at.%Al contents and showed that the lamellar structure can be generated by the choice of the annealing temperature range from 800-1100°C. With the increase of Al-content, higher annealing temperature might be necessary. An elaborated summary on this issue can be found in Palm et al. (2002) . Another detailed study on the formation of lamellar structures can be found in Zhang et al. (2001) , where phases, microstructures, lamellar spacing, lamellar coarsening, and related heat treatment parameters etc. are also discussed. Special emphasize is given on 62at.%Al content, which shows that 950°C/200 h,WQ are the most favorable parameters for generating coarse and fully lamellar alloy of γ -TiAl + r-TiAl 2 phases.
As mentioned earlier, over a wide solubility range in off-stoichiometric Al-rich region, long-period superstructures appear depending on the Al concentration and annealing conditions e.g. temperature and time (Hata et al. 2008; Nakano et al. 2012) . They play an important role in operative deformation modes and configuration of dislocations in Al-rich TiAl, depending on the Al concentration. Plastic deformation behavior and activated slip systems in Al-rich TiAl crystals are closely related to the formation of superstructures (Hayashi et al. 2002) . Anomalous strengthening and slip-plane transition for the 1/2<110] ordinary dislocations at temperatures around the peak stress in the yield stress-temperature curve are also thought to be influenced by the Al 5 Ti 3 -type ordering in Ti-62.5at.%Al (Hayashi et al. 2002) . Fourfold ordinary dislocations, for example, often move as a group in the Al 5 Ti 3 superstructure embedded in the L1 0 matrix. Many studies have indicated that dislocation motion in Al-rich TiAl is strongly influenced by the appearance of some long-period superstructures (Nakano et al. 2012 ).
Deformation mechanisms: Ti-rich vs. Al-rich lamellar TiAl
The deformation modes of TiAl based alloys strongly depend on their microstructure, alloy composition (e.g. Al concentration), orientation, impurity content of interstitial atoms and deformation temperature (Marketz et al. 2003; Nakano et al. 1996) . It is now well established that the fundamental deformation mechanisms of Ti-rich γ -TiAl+α 2 -Ti 3 Al based alloys consist of ordinary slip 1/2<110]{111}, superdislocation slip <101]{111} as well as twin systems 1/6<112]{111} (Feng and Whang 2000; Fujiwara et al. 1990; Gregori and Veyssiere 1999; Kawabata et al. 1985) . Often 1/2<112]{111} type superdislocation slip is also observed as reported by Feng and Whang (2000) ; Marketz et al. (2003) . Under most conditions deformation occurs along the {111} planes by the glide of ordinary dislocations with the Burgers vector 1/2<110] and superdislocations with <101] and 1/2<112]. Below the peak temperature, ordinary slips are dominantly operative for most loading orientations. As the γ -phase is considerably weaker than the α 2 -phase, mostly it is assumed that the plastic deformation parallel to the interface is controlled by the softer γ -TiAl phase, while deformation component normal to these boundaries is dominated by the harder α 2 -Ti 3 Al phase (Grujicic and Batchu 2001; Marketz et al. 2003) . Although some authors previously considered ordinary dislocation slips and twinning are predominant than superlattice dislocations, later investigation shows that superdislocations are significant in some cases and there is clear evidence that superdislocations are kinematically necessary for plastic deformation (Werwer and Cornec 2006) .
On the other hand, excess Al atoms in the Al-rich alloys may replace some Ti atoms on the (001) plane and form different ordered structures. As a result we observe three long-period superstructures of r-Al 2 Ti, h-Al 2 Ti and Al 5 Ti 3 and they are based on the face centered lattice. Such periodic ordering contributes to the deformation modes of these alloys. The work of Nakano et al. (2002a) is a good example in this regard. They found that the CRSS for {111}1/2<110] ordinary slip family is quite lower in Al 5 Ti 3 single-phase single crystals than that in other Alrich TiAl crystals composed of Al 5 Ti 3 precipitates and the L1 0 matrix . Analyzing Al 5 Ti 3 single phase single crystals, they further reported that, almost all dislocations exist as a group of four dislocation segments with the same sign of 1/2<110] Burgers vector. Three APBs are created between the 1/2<110] dislocations, thus the group motion of four ordinary dislocations is most favorable for suppressing the effect of APBs, resulting in a stress drop in Al 5 Ti 3 single-phase single crystals. In contrast, superlattice dislocations did not move as a group and glided independently in that single-phase single crystals ). So it is clear that the plastic deformation behavior and activated slip systems in Al-rich TiAl crystals are closely related to formation of the respective superstructures (Hayashi et al. 2002) . Fundamental deformation mechanisms of the Al-rich alloys compared to the Ti-rich side can be divided into the following points.
• Firstly, twinning is suppressed for most alloys and the dislocation motion is strongly influenced by the appearance of LPS in Al-rich TiAl alloys (Hayashi et al. 2001; Nakano et al. 2005) . However, Inui et al. (1997) observed twinning in Ti-56at.%Al alloys in the temperature range 800-1000°C.
• Secondly, in contrast to the ordinary slips in Ti-rich alloys, superlattice dislocations are mostly operative below the peak temperature in the Al-rich side. Analyzing Ti-54.5at.%Al, Jiao et al. (1998) noted that a major part of the slip occurs via the <011] superdislocations in the temperature range below the peak. On the other hand, {111}<101] superlattice slip is found to be a dominant system in Ti-54.7at.%Al and 58.0at.%Al single crystals at all the tested temperatures up to 900°C ). Nakano et al. (1996) reported that the <101] superlattice dislocations were more often observed than other slip systems. Higher mobility of these dislocations than that of 1/2<110] ordinary dislocations has been confirmed by analyzing many compounds in the composition range 52-60at.%Al. They further explained that the CRSS for the ordinary dislocations rises sharply with increasing Al concentration, while the superlattice dislocations showed no strong sensitivity to the composition. Therefore, ordinary dislocations were dominantly operative in Ti-Al alloys with near-stoichiometric composition, while the motion of superlattice dislocations controlled the plastic behavior of Al-rich Ti-Al. In Ti-52.6at.%Al, the predominant deformation modes change from the ordinary slips to superslips due to the emergence of superstructure (Hayashi et al. 2001; Nakano et al. 2012 ). In some Al-rich TiAl single crystal, 1/2<112] type superdislocations are also found to be mainly active at 800°C (Kawabata et al. 1994) . One important point is that the superdislocations with 1/2<112] have been observed to be dissociated to form faulted dipoles during low-temperature deformation and this dissociation contributes to the strong hardening rate, while at a higher deformation temperature (750°C or more) these dislocations disappear (Viguier et al. 1995) . However, Nakano et al. (1998) and Nakano et al. (2005) documented that the 1/2<110] ordinary dislocations are always operative in the L1 0 structure like in Ti-rich side. Moreover, they glide on the {111} planes independently in the matrix phase and as a pair in the superstructures of r-Al 2 Ti and h -Al 2 in Ti-62.5at.%Al. According to them, ordinary dislocations glide individually although slight threefold grouping is also encountered with the periodicity of h -Al 2 Ti (Nakano et al. 2004; 2005) . The ordinary slips are operative and independent of the tested temperature and crystal orientation, is also reported in Nakano et al. (2002a) .
• Thirdly, ordinary dislocations are suppressed by LPS. Nakano et al. (1999) (Nakano et al. 2012 ). This effect is manifested by a relatively sharp increase in the critical resolved shear stress (CRSS) till the peak temperature for 1/2<110] ordinary slip relative to <101] slip. So the relative motion of ordinary dislocations is difficult compared to superlattice dislocations at lower temperature. Considering Ti 50 Al 50 to Ti 42 Al 58 alloys, for instance, the critical shear stresses resolved on ordinary and superslips increase by a factor of 4 and 1.5, respectively (Gregori and Veyssiere 1999) . Which means extra strengthening is achieved by increasing Al, and mainly ordinary slips gets harder. In Ti-62.5.%Al, the CRSS of 1/2<110] ordinary system increases with the growth of h -Al 2 Ti increasing Al concentration and annealing time. The CRSS for the same direction further increases with the further formation of superstructures within the L1 0 matrix. Like Al 5 Ti 3 and h -Al 2 Ti phases, the r-Al 2 Ti precipitate suppresses the motion of 1/2<110] ordinary dislocations resulting in significant strengthening ).
• Fourthly, transition of slip plane from {111} to {110} and (001). Jiao et al. (2001) ; Nakano et al. (1998) reported that a transition of predominance in slip plane from {111} to (001) occurs near and above the peak temperature around 800°C due to the anisotropy of anti-phase boundary energies on {111} and (001) in the r-Al 2 Ti and Al 5 Ti 3 phases created by 1/2<110] ordinary dislocations (Jiao et al. 1998; Nakano et al. 1998) . Hayashi et al. (2001) further reported that, with the presence of the Al 5 Ti 3 superstructure, the transition of slip plane for 1/2<110] ordinary dislocations from {111} to {110} and/or {001} occurred at and above the peak temperature.
• Fifthly, existence of the regular misfit dislocation network at the interfaces. As long as the lamellar phases in the matrix are very fine, the misfit dislocations were hardly observed in the interlamellar boundaries. Regular misfit Dislocations are increased with the coarsening of the lamellae due to discontinuous grain boundary migration as well as continuously by fault migration (Palm et al. 2012) . Fully coarsened lamellar microstructures contain misfit dislocation networks at the interfaces with orthogonal burger vectors, which results activation of the slip systems along the interface plane (Lei et al. 2000; Zhang et al. 2001 ). Semi-coherent boundaries containing misfit boundary dislocations are formed at the interface of the r-Al 2 Ti /L1 0 . This also suggests that strengthening is achieved by the r-Al 2 Ti (Nakano et al. 1998 ).
• Sixth and finally, complex deformation modes at and after the peak temperature. Inui et al. (1997) investigated Ti-56at.%Al alloys from -200 to 1100°C for seven different loading orientations. Till 700°C, it is found that the superlattice slips are operative for six orientations, while ordinary slips are operative only for a single case. At 800°C, super slips are replaced by twinning for one orientation, other loading cases are same as before. At 900°C, ordinary slips are replaced by superslips for another loading case, rest are same as the case of 800°C. The operative systems, so far, all belong to the {111} planes. Surprisingly at 1000°C, in addition to {111} planes, ordinary and superslips are found to be operative for some orientations along {110} and (001) planes. The summary is presented in Fig. 3 .
So it can be summarized that, above the peak temperature, 1/2<110] slip, twinning and 1/2<112] superlattice slip can be considered to be operative depending on the alloy composition and orientation. Ordinary slip 1/2<110] occurs not only along the {111} planes but also on (001) and {110} planes for some orientations (Inui et al. 1997 ).
Yield stress anomaly
Anomalous yielding is a very important issue that has been reported in many papers and is not clearly understood for the TiAl alloy family. The slip systems operating in Al-rich γ -TiAl exhibit a pronounced anomalous increase of the critical stress with temperature. In this regard, Inui et al. (1997) is one of the finest contributions for Al-rich TiAl alloys. In Ti-54.5at.%Al single crystals, Jiao et al. (2001) observed that the Al-rich γ -TiAl alloys show yield stress anomaly (YSA) between 600-900°C depending on the alloy composition, texture and grain size. There are some jog formation which is thought to be the cause of the YSA (Jiao et al. 2001) . Investigating the Ti-56at.%Al alloys with various loading orientations, Inui et al. (1997) reported that the yield stress varies with temperature in three stages. At low temperatures (the first stage), it decreases rapidly with increasing temperature followed by a plateau region up to about 600°C. Then the yield stress increases anomalously with increasing temperature and reaches a peak at 700-1000°C, depending on crystal orientation (the second stage). Above the peak, it again decreases rapidly with increasing temperature (the third stage). As mentioned earlier, in the first two stages, the major deformation mode is either ordinary or (101] superlattice slip depending on the crystal orientation. The CRSS for ordinary slip is considerably larger than that of <101] superlattice slip. The third stage is the highest-temperature stage where 1/2<110] slip, twinning and 1/2<112] superlattice slip are identified to be operative. Slip along 1/2<110] occurs not only on {111} but also on (001) and {110}, depending on the orientations (Inui et al. 1997) . Similar trend has also been observed in alloys with 58-62.5at.%Al, showing the peak of anomaly at 800°C (Nakano et al. 1998) . Both the ordinary and <101] superlattice slips exhibit an anomalous increase in the critical resolved shear stress (CRSS). However, the extent of the anomaly associated with the ordinary slip is much smaller than that for the superlattice dislocation slip (Inui et al. 1997) . Jiao et al. (1998) made the similar conclusion mentioning that the observed anomaly in the yield stress reflects mainly an anomaly for <011]{111} slip. According to Feng and Whang (2000) , both the 1/2<110]{111} and <101]{111} slips are two dominant slip systems responsible for the plastic deformation and anomalous hardening in this material, and their presence strongly depends on temperature and applied stress direction. In Al 5 Ti 3 single phase single crystals, superlattice slips do not exhibit an anomalous stress peak with Al concentration and thus anomalous strengthening does not appear in that alloys ). In the case of the <101]{111} superdislocation glide systems, Appel et al. (2011) noted that the yield stress anomaly can be attributed to the formation of thermally stable dislocation locks. They further reported that the anomalous hardening of the 1/2<110]{111} ordinary glide system is probably caused by the formation of an ordered superstructure e.g. Al 5 Ti 3 phase. These results provide good supporting evidence that the yield stress anomaly can be strongly affected by minor phases present in Al-rich alloys (Appel et al. 2011) . The yield stress of Ti-62.5at.%Al was approximately twice as large as that of Ti-58at.%Al at and below 1100°C where the r-Al 2 Ti precipitates still remained in Ti-62.5at.%Al. This suggests that the strengthening is achieved by the r-Al 2 Ti precipitates (Nakano et al. 1998) . For Ti-56at.%Al, softening occurs with increasing temperature after 900°C, which could mean the decoupling of the anomalous hardening mechanism (Feng and Whang 2000) . Interesting to note that the anomaly is not limited to the macroscopic yielding and microscopic CRSS, but also observed in the lattice parameters. Nakano et al. (1999) investigated three Al-rich alloys (Ti-58at.%Al, Ti-60at.%Al, Ti-62.5at.%Al) with different annealing temperatures where it is observed that the ratio of the lattice parameters c/a has an anomalous trend of sudden decrease and increasing in the temperature range of 700-900°C. Some other works on the yield stress anomaly in Al-rich side are ; ; Jiao et al.(1999 Jiao et al.( , 2001 .
Plastic anisotropy and asymmetry modeling at high temperature
From this section, we are going to concentrate on the modeling of inelastic phenomena for the Al-rich Ti-Al alloys. As mentioned earlier, Al-rich TiAl alloys with nearly 62at.%Al are especially important due to the possibility of generating lamellar γ -TiAl + r-Al 2 Ti microstructures. So we choose a complex single crystal like alloy Ti-61.8at.%Al with lamellar morphology and LPS. Based on the available experimental data, we will concentrate on the plastic anisotropy and asymmetry of this specific alloy at very high homologous temperature. With a proper physical framework, it is expected that micro-mechanical models can capture a wide range of experimentally observed macroscopic deformation phenomenon including the anisotropy and asymmetry. For highly rate dependent case, crystal viscoplasticity modeling is a good candidate to capture important deformation characteristics of different alloys including anisotropy as it is strongly orientation dependent (Ghosh and Anahid 2013; Roters et al. 2010 ). We will employ a crystal viscoplasticity modeling approach with slip system level isotropic and kinematic hardening variables to capture anisotropic and asymmetric effects. We believe the modeling approach with parameter identification technique can be extended to any other Al-rich alloys with long period superstructures. From here, the rest reviewing part is organized following the four recent works of Chowdhury et al. (2016 Chowdhury et al. ( , 2017a .
Anisotropy in Ti-rich side
Ti-rich lamellar alloys exhibit a significant plastic anisotropy whether they are polysynthetically twinned (PST) or polycrystalline intermetallics. Anisotropy of Ti-rich side alloys is highly pronounced irrespective of whether it is at room temperature (Werwer and Cornec 2006) or at high temperature (Wegmann et al. 2000) . Room temperature plastic anisotropy of similar Ti-rich TiAl lamellar single crystals has also been discussed in Zambaldi et al. (2011) , Zambaldi and Raabe (2010) , and among others, where they showed that the maximum yield stress occurs when lamellar direction is perpendicular to the compression axis i.e φ = 90°, stress is the minimum when approximately φ = 45°, and at φ = 0°stress is in between (Brockman 2003 , Fujiwara et al. 1990 ). The ratio of the highest to the lowest values of yield stress is almost 8:1. This large difference in yield stress has been found to be related to the difference in the deformation modes. For compression either perpendicular or parallel to the twin boundaries, shear deformation always occurs across them, while compression at an intermediate angle, shear deformation is parallel to the boundaries (Fujiwara et al. 1990 ). This means, deformation behavior depends strongly on the angle between the lamellar/twin boundary and compression axis rather than on the crystallographic orientation of the compression axis. So the plastic anisotropy of two-phase lamellar alloys or PST crystal is mainly a morphological anisotropy. This kind of anisotropy of TiAl single crystals is associated with the difference in the deformation mode e.g. shear deformation modes are different depending on φ. Anisotropy is coming from to the asymmetric core spreading of the <101] superdislocations that occur in the L1 0 structure of γ -TiAl. The coupling of partial dislocations by different planar faults (that are specific for the L1 0 structure) makes the resistance to slip and cross slip of the <101] superdislocation sensitive to its direction of motion.
Basic microstructural features of Ti-61.8at.%Al
As discussed earlier, after heat treatment at 950°C for 200 h Ti-62at.%Al showed a fully lamellar microstructure of γ -TiAl + r-Al 2 Ti where supersaturation with Al is apparently a prerequisite for the formation of such lamellar structure. With the same heat treatment parameters, the as-cast alloy with 62%at.Al contains some metastable phases, for example, numerous h-Al 2 Ti and spot of Al 5 Ti 3 in some areas. Since Al 5 Ti 3 is unstable after 800°C, some spots of this phase disappear after short time annealing and others transforms into γ . On the other hand h-Al 2 Ti transforms (probably by discontinuous dissolution) into equilibrium r-phase after similar heat treatment 950°C/200h . Nevertheless, it is a general agreement that r-phase will only display the structure of six fold face centered structure of TiAl 2 at around 1000°C (Lei et al. 2001) . Since the working temperature is 1050°C, according to , this specific alloy with nearly 62at.%Al contains nearly lamellar stable phases of γ -TiAl + r-Al 2 Ti. Al-rich single crystalline Ti-61.8at.%Al is an intermetallic binary alloy with lamellar phases of γ -TiAl and r-Al 2 Ti superstructure. Heat treatment parameters are 950°/200 h and WQ(water quenching), from which single crystal like samples have been produced using laser zone melting process. The chemical analysis of this alloy is presented in Table 1 .
As mentioned earlier, the γ -phase has face centered crystal structure and the r-phase has so called ordered superstructure that contains 6 face centered structures together as shown in Fig. 4 . Volume fraction (γ /r) in the lamellar state is nearly 1.1:1, Fig. 5 . The volume fraction of r phase depends on the annealing temperature and decreases with the increase of temperature. A summary of Ti-62.5%Al on the volume fraction with different annealing temperature can be found in . Microstructural investigation in Ti-61.8at.%Al shows that, in most regions, the average width (Lei et al. 2000) . Observations also show that the OR is independent of annealing procedures and can approximately be regarded as cubic-to-cubic relationship (Lei et al. 2001; . Like Ti-rich side, γ -matrix phase is comparatively softer at room temperature. Furthermore, the investigation revealed that dislocations are not only in the γ -phase, but regular misfit dislocations are at the γ /r inter lamellar boundary interfaces , resulting significant slips on (001) planes above the peak temperature of 800°C (Hayashi et al. 2001; Nakano et al. 2002b) (001) interface plane and interfacial misfit of approximately 0.6% may exist between γ /r in (001) plane ). Due to the ordered superstructure one would expect that the translation vectors (Burgers vectors) are very large in the r-phase. Thus, dislocation glide or climb could be confined to the γ -phase for specific loading responses.
As mentioned earlier, {111} 1 2 <110] slip was dominant at temperatures below the peak, while there are some reports stating that slip predominance changes to (001) plane above the peak temperature. Similar behavior is also observed in Ti-62.5at.%Al and Ti-58.0at.%Al. Slight slip traces on (001) were observed in Ti-62.5at.%A1 even below the peak temperature. The dislocations in the rAl 2 Ti precipitate are aligned on a straight line parallel to 1 2 [110] with a screw character (Nakano et al. 1998) . It should be noted that in the case of large scale glide, even at high temperatures, slip planes {111} are significant (Appel et al. 2011) . Analyzing deformation mechanisms of similar Al-rich lamellar alloys (Ti-61.8at.%Al, Ti-62at.%Al and Ti-62.5at.%Al) both the families, e.g. {111} and (001), can be considered to be active at elevated temperature. This alloy does not contain any superstructure other than r-Al 2 Ti and there is no experimental evidence that {110} planes are active for this specific material above the peak temperature. Since superdislocation slips are kinematically necessary and sometimes they are experimentally observed for similar alloys, here all twelve systems from the octahedral family can be considered. To account lamellar interface effects, slip planes perpendicular to the interface are also important, so all six systems from the cubic family will also be considered. In total, 18 slip systems from the both families have been considered. Besides in a rate dependent formulation, all slip systems potentially can be active for stress above the threshold even though only a few slip systems accommodate most of the deformation (Asaro and Needleman 1985; Mathur and Dawson 1989; Zhang et al. 2007 ). After all, considering few non active systems in rate dependent case does not make a significant change in the results.
Glide-climb driven hardening/recovery and experimental data
At high temperature, evolving mechanical properties of metallic materials are not simply dependent on dislocation glide mechanisms. There are climb-assisted deformations and creep as well, which are known to contribute significantly. Climb is a diffusion-controlled (thermal activated) process and occurs more readily at elevated temperature where dislocations will more easily be able to move around the obstacles. Many hardened materials, for this reason, become exponentially weaker at higher temperatures. Generally climb reduces the plastic incompatibility between two phases (for two and multiphase alloys), which is certainly beneficial for the materials plasticity. So two constituents can deform more easily at elevated temperature. The recovery is an important restoration/repair mechanism against work hardening, that is inescapable at high temperature. The most believed mechanism of recovery is the mutual dislocation annihilation in planarglide which is thermally activated and facilitated by climb stresses. Along with climb of groups of dislocations, it is also caused by large-scale cross slips leading to a continuous decrease of the work hardening rate. If the temperature is increased enough for climb, dislocations will rearrange and/or annihilate so as to reduce the stored energy. It entails a gradual decrease in the number of dislocations and a rearrangement of the remaining ones into orderly arrays. In other words, some of the dislocations are annihilated, others are gathered into stable, planar favorable configurations. The recovery may occur by climb for edges or cross slip for screws. The screw dipoles can be removed by cross slip and the edge dipoles by climb. At high temperature, the kinetics of deformation are highly temperature and rate-dependent and the internal structure of a metal evolves, producing strain-hardening, dynamic recovery, and in many instances dynamic recrystallization (Brown et al. 1989) .
Particularly in our case of Ti-61.8at.%Al alloys at 1050°C, not only deformation of the γ phase is supported by climb of ordinary dislocations but also these factors make the codeformation of the two phases easier and ensure strain continuity (Appel et al. 2011 ). The strength difference between the two phases which is significant at room temperature becomes less at that high temperature. For Ti-52at.%Al alloys, it has been suggested that at slower strain rates (e.g. between 10 -3 s -l and 10 -5 s -l ), the deformation mechanism involves both glide and climb; glide occurs initially and generates a dislocation substructure with the appropriate link length for climb.
So it is clear that climb of dislocations plays a significant role in the plastic deformation of TiAl at elevated temperatures. The motion of dislocations 1/2<110] is achieved by either or both glide and climb, the degree to which these various mechanisms contribute depending on the temperature and strain rate. Thus, at 900°C and strain rates less than approximately 10 -2 s -l , climb is found to contribute rather significantly to the plastic deformation (Nakano et al. 1998 ). If we look at the experimental data (true stress vs true strain in Fig. 6 ) we can see there is strain hardening and there is significant recovery of hardening in the next stage due to climb assisted deformation with possible other softening effects.
From Fig. 6 , we can see that the φ = 0 • lamellar orientation with the compression axis exhibits higher stress than that of φ = 90 • , which is in contrast with Ti-rich intermetallic of PST (polysynthetically twinned) crystals.
Basic assumptions
The intermetallic Ti-61.8%at.Al alloy is a complex material with lamellar morphology and long period superstructures. Depending on the orientation and temperature, both microstructural and morphological features ensure alloy strengthening by suppressing dislocation movement resulting higher CRSS of some slip systems. With slip-system-level necessary internal variables and glideclimb driven constitutive equations, it is assumed that the crystal viscoplasticity model is well capable to capture experimentally observed macroscopic deformation phenomenon when critical stresses are designed properly. Instead of considering directional dependent CRSS for an individual system, a fixed value for anisotropic responses has been considered to reduce the number of unknown parameters. Since the orientation relationship of two phases is similar, so it can be assumed that CRSS Fig. 6 Experimental stress vs plastic strain curves for three different strain rates at 1050°C when lamellar and compression axes are perpendicular, referring φ = 90 • orientation. Three peak stress points are also shown when axed are parallel, referring φ = 0 • orientation . The alloy is Ti-61.8at.%Al for an individual system would be overall instead of different. Besides, the actual differences of CRSS between two phases at operating temperature is not known. Although the microstructure is not perfectly lamellar, according to mean field approach, representative volume element (RVE) is idealized with perfectly lamellar and with different lamellar thicknesses, Fig. 7 . Since the microstructure is non-periodic, it is preferred to consider sufficiently large RVE (thirteen lamellae). Figure 7 shows the RVE when loaded perpendicular to the lamellae. The RVE is meshed with 16250 eight node solid elements C3D8 from the Abaqus element library. Loading and boundary surfaces are also shown. Generally the objective of studying single crystals is to understand grain level mechanics of polycrystalline alloys. Since Ti-61.8at.%Al is a single crystal alloy, two basic aspects of mean field homogenization have been simplified. Firstly, three different strain rates (i.e. 10 -3 s -l , 10 -4 s -l and 10 -5 s -l ) perpendicular to the one side of the Z-planes have been applied, and displacement boundary condition has been applied to the opposite side i.e. U 3 = 0, as shown in Fig. 7 . No restriction has been applied to the other four sides of the RVE. Secondly, overall stress has been computed based on the element centroidal average of the stress component σ 33 . In the computing of overall stress, a significant difference between the volumetric average and centroidal average is not expected, since the volumes of different elements are nearly the same. Elastic components were considered different for two phases.
Continuum framework
In this section we will summarize continuum framework based on finite strain and finite rotation. It is well known that the geometric basis of the continuum slip theory is a multiplicative decomposition of the deformation gradient (F) into a plastic part, solely due to crystalline slip on given crystallographic planes (F p ), and a remaining part (F * ), say elastic part, that describes elastic distortions of the lattice and rigid rotations (Conti and Hackl 2015) . Based on the isoclinic assumption, the plastic deformation is assumed here to take place first, followed by the elastic one. Elastic distortion as well as rigid-body rotations (lattice rotation) are both contained in F * which maps the intermediate configuration to the current configuration. The velocity gradient follows the standard expression as:
whereγ α is the slipping rate along the slip system α, N is the total number of slip systems, and the vectors s α and m α define the slip direction and the normal to the slip plane in the deformed configuration, respectively. It is to be noted that s α and m α are not necessarily the unit vectors, but at the initial configuration, s α 0 and m α 0 , they are unit and orthogonal. So it is obvious that s α = F * · s α 0 . To maintain orthogonality in the deformed state it is necessary to define m α = m α 0 · F * −1 so that m α 0 · s α 0 = m α · s α = 0. The resolved shear stress τ α is defined in terms of Kirchhoff stress τ as follows:
For small elastic strains, it is to be noted that volumetric change resulting from elastic stretch of crystal is usually very small. Therefore, the assumption that J ≈ 1 is generally justified and no distinction between the Kirchhoff and Cauchy stresses is needed in practical or engineering computations (Kuroda 2014) . So for small strains formulation it is often taken as τ α = σ :μ α (Meric et al. 1991) .
Crystal viscoplasticity constitutive modeling
In this alloy, following Meric et al. (1991) , the viscoplastic driving force for a slip system has been taken as the difference of shear stress and all hardening stresses given in the flow rule, Eq. (3).
Hereγ α is the shear rate of the slip system α, similarly τ α is the shear stress, X α is the backstress and R α is the threshold stress, a component of friction that evolves with slip, of the same slip system. K is temperature dependent drag stress. X and R are the two phenomenological internal state variables for internal stress and internal resistance where R can be considered for the critical resolved shear stress (CRSS) evolution. Inclusion of backstress in the model by strain hardening and dynamic recovery is simple and physically sound (Ohno and Wang 1993) . Moreover, it allows us to distinguish a tensile and a compressive yield strength. This flow rule should be considered as an extension to the micro-level of macroscopic model including isotropic and nonlinear kinematic hardening (Meric et al. 1991) . In the power law flow rule, Eq. (3), K and n are two material coefficients characterizing the viscous effect of a hardened material. Macaulay brackets < y > indicate the following:
The isotropic hardening variable is defined as follows:
From any slip system, R starts with initial CRSS R 0 and its evolution is governed by the variable q along with the choice of recovery parameters b and hardening interaction (cross hardening) matrix H αβ . If b = 0 then there would be no recovery or any other softening effect. Along with the governing isotropic state variable q, the variable R represents isotropic hardening or softening effects. In the interaction matrix H αβ , diagonal components are 1 and off-diagonal components depend on the material behavior. First term in the right side of Eq. (6) is for strain hardening effect and second one can be considered for dynamic recovery or related softening. Backstress evolution is represented in the following equations:
C is here the temperature dependent internal stress of the slip system α and a is responsible for kinematic hardening evolution which depends on the shear rate and the deformation history function φ (ν α ). Here ν α is the cumulative shear strain of the slip system α.
Activation of a slip system depends not only on the orientation but also on the deformation history, which contributes to the hardening (Khadyko et al. 2016 ). This function is responsible for deformation history effects and it depends on the plastic flow accumulation ν α with two related material parameters φ 0 and δ as given in Eq. (9). Like isotropic hardening variable, the first term in the right side of Eq. (8) represents strain hardening and the second part stands for dynamic recovery effects. This coupling function φ (ν α ) helps to avoid under or overestimation of the strain hardening part. For detailed numerical implementation technique, Chowdhury et al. (2017b) can be referred. Generating a lamellar representative volume element (RVE) with 10 × 10 × 10 μm 3 , Fig. 7 , all the necessary incremental formulas have been implemented in the UMAT (user material) subroutine from the commercial finite element software package ABAQUS Standard.
Components of the elasticity tensor
Elastic constants of γ and r-phases have been approximated at 1050°C following He et al. (1997); Tanaka (1996); Tang et al. (2011); Yoo and Fu (1998) , Table 2 . For this alloy, C 11 = C 22 , C 23 = C 13 , and C 55 = C 44 . So there will be only six independent components.
Results and discussions
Plastic Anisotropy of Ti-61.8at.%Al single crystals
Considering the framework discussed earlier along with a fixed set of materials and model parameters, the rate dependent plastic anisotropic behaviors (Fig. 6 ) can be successfully simulated both at φ = 90 • and φ = 0 • orientations. Simulation results are illustrated in Figs. 8 and 9. For this specific case of partial lamellar morphology, it seems Hall-Patch stress is the dominating factor of plastic anisotropy. In contrast to Ti-rich alloys, the overall stress responses are higher at φ = 0 • than that of at φ = 90 • . This is because, some dislocations can easily pass across the gap of two discontinuous r-lamellae at φ = 90 • , which is comparatively difficult at φ = 0 • loading orientation. From the crystal plasticity constitutive modeling perspective, it is observed that the overall plastic behavior in the first stage is dominated by the kinematic hardening part while the both isotropic and kinematic hardening governs the next stage (Chowdhury et al. 2017b) . So one can say the plastic deformation behavior of off-stoichiometric Al-rich TiAl alloys generally depends strongly on the morphology, size and condition of the superstructures (Hata et al. 2004a; Nakano et al. 2002a ).
Material and model parameters
Rate sensitivity parameter n is expected to be in the range of 3 to 6, preferably 5 or lower at intermediate stress and high temperature. As claimed by Kassner and PerezPrado (2000) , if the deformation mechanism is associated with dislocation climb then the exponent is relatively 5 over a range of temperature and strain rates as long as temperature is greater than roughly 0.5 − 0.6 of melting temperature. The rate sensitivity parameter is found n as 4.5 which seems very reasonable considering temperature and stress range. Other parameters are shown in Table 3 .
CRSS Estimation
CRSS in Ti-rich TiAl Shear deformation parallel to the lamellar interfaces is considered to be easier (the soft mode) than that normal to the interfaces (the hard mode) (Grujicic and Batchu 2001) . The relative difficulty of these harder slip modes compared to the softer ones plays an important role in determining textures, strength and ductility (Hutchinson and Barnett 2010) . Considering Ti-rich TiAl, Grujicic and Batchu (2001) proposed half of the slip systems belongs to the softer group and half to the harder group based on interface effect. Lebensohn et al. (1998) extended this harder-softer version to more elegant morphology based characterization. The idea of this approach is, there are few planes and directions that are parallel to 
, where R 0 denotes CRSS and superscripts L, M, T stand for longitudinal, mixed and transverse systems. This morphology-based or phase interface based classification has been successfully applied to many other applications e.g. colony boundary strengthening of fully lamellar TiAl alloys (Schnabel and Bargmann 2017) .
CRSS for Al-rich TiAl
There is a number of experimental works that have been performed on γ -TiAl single crystals, most of them with an aluminum concentration of 54% or 56%. In two-phase lamellar alloys, the estimation of the CRSS of γ -phase is complicated by the lamellar morphology (Werwer and Cornec 2006) . Nevertheless, the general agreement is that, crystals containing L1 0 phase beyond 54at.%Al, the CRSS for 1/2<110]{111} ordinary slip is higher than that for <101]{111} superlattice slips up to some peak temperature level (Inui et al. 2002; Nakano et al. 2005 ). An increase in Al concentration hardened the TiAl and the difference increases suggesting that ordinary dislocations become relatively less mobile than <101] dislocations (Inui et al. 1997 (Inui et al. , 2002 Nakano et al. 1996 Nakano et al. , 2005 . Nakano et al. (2005) made the similar conclusion after investigating alloys with different compositions e.g. .%Al annealed at 1200°C. So below the peak temperature, superlattice dislocations control the plastic behavior of Al-rich TiAl (Nakano et al. 1996) . Since the energy of the antiphase boundary created by the ordinary dislocations was higher than that created by the superlattice dislocations, the motion of the ordinary dislocations was effectively interrupted by the APBs, resulting the activation of the superlattice dislocations, and a loss of ductility in Al-rich TiAl. The formation of superstructures in the L1 0 matrix was responsible for the change in deformation modes and low ductility in Al-rich TiAl (Nakano et al. 1996) . The difference in CRSS between these two slip systems (ordinary and super) become pronounced with the development of the Al 5 Ti 3 long-period superstructure. The frequency of <101] dislocation decomposition into a 1/2<110] and a 1/2<112] dislocation decreases abruptly with the development of Al 5 Ti 3 . A reduced mobility of ordinary dislocations may be at the origin of this behavior (Nakano et al. 2005) . Nakano et al. (2002a) showed that, at 500°C, the CRSS of {111}<101] increases linearly with increasing Al concentration, while the CRSS of {111}1/2<110] was lower at the beginning then increases rapidly till 58at.% then starts falling sharply and goes below the line of superdislocation slip. Inui et al. (1997) and Nakano et al. (1996) further reported that, at temperatures below 600°C, the CRSS for 1/2<110] ordinary slip is considerably higher than hat of <101] superlattice slip. The ratio of the CRSS is 1.5-2.0 at room temperature. However, after 900°C the trend reverse, approx after 1050°C superslips are no longer active in Ti-56%at.Al (Inui et al. 1997) . A contradictory case also can be seen in Gregori and Veyssiere (2000) , where they proposed, it is reasonable to assess that <011]{11l} and 1/2<112]{11l} exhibit the smallest and highest CRSSs, respectively, with that of 1/2<110]{111} located in between. It is worth to mention that, at T>900°C, orientation dependence of CRSS and difference among ordinary systems becomes very less Whang 1999, 2000) . Interestingly, the CRSS value is found to be independent of deformation orientation below room temperature at -77°C, while a strong orientation dependence of the CRSS values is clearly observed for all different orientations between 400°C and 800°C (Feng and Whang 2000) .
CRSS estimation for Ti-61.8at.%Al As mentioned earlier, increase in Al concentration makes TiAl harder with the appearance of superstructures. It is expected that rphase with LPS dictates the overall deformation process at least for some orientations. But how and which systems are directly affected by the LPS is not clearly understood. From the two experimental data sets of Fig. 6 , we see that the φ = 0 • orientation is harder than that of φ = 90 • for all strain rates, which implies that slip along some slip systems are directly suppressed by the LPS in the former case. Besides r-lamellae are discontinuous, slip can occur across the gap at φ = 90 • loading orientation which makes the deformation process softer. Deformation is carried out by the softer γ -phase, where LPS contributes to alloy strengthening. On the other hand at φ = 0 • orientation, the harder r-phase absorbs external loading first, then it is transmitted to softer phase as well. The transmission of dislocations through the interface is harder at φ = 0 • loading. It is agreed that, below the peak temperature, motions of the ordinary type dislocations are suppressed by LPS resulting additional resistance (Inui et al. 2002; Nakano et al. 2005; Umakoshi et al. 1999) . So, at φ = 0 • lamellar orientation, it is assuming that some ordinary systems remain harder at high temperature as well due to the LPS. To identify those unique systems and to estimate CRSS, an operative stress based approach has been adopted for a particular loading response. Usually some slip systems are favored for one orientation while other systems are favored for another orientation, which is showed by Inui et al. (1997) ; Nakano et al. (1996) and the most dominant system in a particular loading direction controls the major part of the plastic deformation. According to the presented crystal plasticity constitutive modeling, a slip system is considered to be active when the operative stress |τ − X| − R on that system is positive. Based on this, individual overall operative stress of all slip systems has been computed both at φ = 0 • and φ = 90 • orientations. Since all superslips have higher CRSS than ordinary group, it can be assumed that the reason of underestimating experimental data at φ = 0 • is that the CRSS of some ordinary systems are underestimated. That is why, it is assumed that those unique systems lie in the ordinary group where CRSS is underestimated. Shear along those dominating systems are expected to control the plastic deformation at φ = 0 • . After analyzing operative stresses for all slip systems it is found that the major contributing ordinary slip systems are (111) [ 110] . To be consistent with the available experimental observations, all twelve superslip systems from the both family have been considered with the highest CRSS, and three ordinary systems with the lowest CRSS and rest three harder ordinary systems are in between, i.e. R O 0 < R HO 0 < R S 0 . Here subscripts O, HO and S for the ordinary, harder ordinary and superslip systems, respectively. To approximate a reasonable value of R HO 0 along a slip system α, the following formula has been adopted:
where R O 0 and R S 0 stand for the CRSS of ordinary and superlattice systems, respectively.τ α L andτ α T denote averaged operative shear stresses on the slip system α for the loading in longitudinal (φ = 0 • ) and transverse (φ = 90 • ) directions, respectively. In essence, these three harder ordinary systems took a weighted average value of CRSS based on both directional operative stresses. Since individual CRSS in different loading directions is not differentiated, a weighted averaged value is expected to be more meaningful, which is approximated by Eq. (11). For example, considering slip system (001) Chowdhury et al. (2017b) . The full list of estimated CRSS are presented in Table 4 . For better visibility in the tabular form, index1 is written as -1. From the table, it can be seen that CRSS ratio varies from 1.3 to 1.8 which is also consistent with the experimental finding.
In short, all ordinary systems are harder below the peak temperature, and all superlattice dislocation slips are harder beyond the peak. In this particular alloy, additionally three special ordinary systems with comparatively higher CRSS above the peak temperature have been attributed. The presence of LPS might be a potential reason, that can suppress shear along these three systems. It is to be noted that these three systems are not the major contributor when the loading at φ = 90 • . It is also clear that the loading responses at φ = 90 • are dictated by softer γ -phase, while responses φ = 0 • by harder r-phase with LPS. In Ti-rich side, lamellar interface plays major role, while in Al-rich side, phase boundary alone is not playing the dominating role, rather slip systems in the harder phase with long period superstructure adds additional role in the overall anisotropic plastic deformation.
Tension-compression asymmetry prediction
The model described so far is generalized for the plastic anisotropy and asymmetry. Since the alloy Ti-61.8at.%Al is highly anisotropic, a high asymmetry in tension and compression can be expected. In the flow rule of the model, asymmetry has been accommodated in the term |τ − X|. Predicted rate dependent asymmetry using the presented model is shown in Fig. 10 . Like anisotropy, tensioncompression asymmetry is also highly pronounced for responses at φ = 90 • orientation. For this case, there is no sharp increase or decrease in asymmetry with increasing strain rates i.e. almost similar amount of asymmetry is maintained for all strain rates and for the whole range of deformation. Tensile state is stronger than that of compressive one. At φ = 90 • , it seems the most dominant slip system offers higher resistance in tension influenced mostly by the lamellar morphology. Accuracy of prediction is largely dependent on the accuracy of CRSS both in tension and compression. Since there is no experimental study about the difference of CRSS in tension and compression, the same set of CRSS both for compression and tension has been used, and hence the overall asymmetric results remain as qualitative. While investigating slip activities, the modeling approach shows that the number of contributing slip systems is different in tension and compression, more importantly, the dominating system or major contributing slip systems are different. It is also found that the compressive deformation is dictated by some ordinary slips and tensile deformation is dominated by superdislocation slips. These findings are consistent with Ti-rich lamellar single crystals, for example, Inui et al. (1997) mentioned that the CRSS of some slip systems are dependent on the direction of dislocation motions. However, in Ti-55.5at%Al single phase single crystal deformed at 700°C, investigation suggests that the same deformation mode was active in both tension and compression (Zupan and Hemker 2000) . This is also quite possible considering simplicity of the single phase microstructure. Further information regarding the tension-compression asymmetry of this alloy can be found in Chowdhury et al. (2017c) .
Conclusion
A short review of Al-rich TiAl alloy family has been presented focusing phases, microstructures, deformation mechanisms, mechanical behavior, etc. A micromechanical modeling approach for the plastic anisotropy along with CRSS estimation technique has also been discussed considering an exemplary alloy from the same family. Analyzing the available literature, the advances and current understanding about this family can be summarized by the following points:
• With the increase of Al-concentration, Al-rich phases (Ti 3 Al 5 , h -TiAl 2 , r-TiAl 2 , etc.) start to grow. Heat treatment parameters, phase stability and the operating temperature etc. direct how many and which phases will exist at the end. Comparing with the Ti-rich side, the formation of one or more stable/metastable long-period superstructures is one of the most characteristic features of the Al-rich alloys, which considerably changes the deformation mechanisms and mechanical properties.
• Controlling hardness and brittleness with the increasing of Al concentration and annealing temperature is still a challenge for the Al-rich side.
• Due to the presence of different superstructures, some ordinary systems are found to be little harder than other ordinary slips, which is consistent with conventional approaches and observed experimental issues.
• In contrast to Ti-rich side, superlattice dislocation slips are more operative below the peak temperature than that of ordinary slips. In the approximate range of 700-1000°C, anomalous hardening of different slips is a characteristic feature of the Al-rich alloys. After 1000°C, a variety of slip systems is expected to be operative depending on the loading orientation.
• At lower temperature, some ordinary dislocations are suppressed to move, however, they can overcome the resistance by changing plane due to high temperature driven thermally active mechanisms like climb, so they become softer. Nevertheless, some ordinary systems might remain hard for certain loading orientations.
• The family of Al-rich alloys are expected to be highly anisotropic and asymmetric. Instead of purely morphological as Ti-rich side, the plastic anisotropy in the Al-rich side is found to be dependent on the lamellar morphology and long period superstructure. So the origins of the anisotropy and the asymmetry for polycrystalline Al-rich alloys are expected to be associated with different length scales e.g. grain scale, lamellar (morphological) scale and superstructural (crystal lattice) scale.
• The slip mechanisms are found to be different in tension and compression.
• Hardening-recovery based phenomenological crystal plasticity model can successfully be used in reproducing the plastic anisotropy of Al-rich TiAl alloys with different superstructures when CRSS are chosen carefully.
